EXTREMAL NEGATIVITY IN SYMMETRIC-GROUP CHARACTER
TABLES:
SOLVED SECTORS AND AN ARITHMETIC SQUARE-CORE
REDUCTION

SIMON WATTS

ABSTRACT. For an irreducible character XA of Sp, let

Ny (V) = #{ntn:x" (i) < 0},
with one entry counted for each conjugacy class. OPAC-038 asks whether the sign
representation eventually maximizes N, . We show that the sign row has exactly (p(n) —
q(n))/2 negative entries and reduce fixed-degree extremality to the parity-balance inequality

E~(A) <0~ (\)+0°(N).

We prove this inequality for every self-conjugate row in every degree. For two-row
characters we obtain a staircase-core positivity criterion and a uniform solved range
k < (V6/(4m) — €)y/nlogn. The pairs (n — 1,1),(2,1"72) and (n — 2,2),(2,2,1""*) are
settled in every degree. A uniform character-polynomial argument further shows that,
for every ¢ < 1/2, OPAC holds eventually whenever either n — A1 or n — A} is at most
clogn/loglogn.

For the remaining non-self-conjugate rows we isolate an arithmetic square core. After
removing the ¢(n) distinct-odd split columns and the g(n) self-conjugate rows, the nor-
malized nonsplit-even block is square and invertible, as is the odd block. The split-even
columns form a ¢(n)-dimensional graph correction. After Frobenius scaling this correction
is integral and satisfies a determinant-one Gram identity. Both square cores are invertible
over every IFy, with £ > n, the canonical odd-to-nonsplit-even bridge is an isometry outside
at most g(n) directions, and the two cores admit an orthogonal phase normal form together
with a canonical mod-2 congruence. An explicit real square-core countermodel proves that
these real metric identities alone cannot force the required sign inequality. Finally, the
parity deficit is exactly an integral pairing of a virtual character with the conjugation
character. Exact computation verifies OPAC through n = 29. The global conjecture
remains open.

1. INTRODUCTION

Let A, o - n, and write x*(u) for the ordinary irreducible character value of S,,. Conjugacy
classes are counted uniformly, not with class-size weights. Hopkins posed the following
problem as OPAC-038 [5].

Conjecture 1.1 (OPAC-038). For all sufficiently large n and every X\ F n,
N, (A) < N, ((17)).

The unweighted statistic is not directly controlled by character orthogonality. The first
reduction is exact: conjugating partitions turns the problem into a comparison between
negative even classes and nonpositive odd classes. Thus zeros are part of the target rather
than an error term.
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The main general result is the square-core reduction. Let D,, be the distinct-odd partitions

and N, = E,, \ D;,. Then

N = [0, = L),

After pairing each non-self-conjugate irreducible with its conjugate and taking symmet-
ric/antisymmetric normalized row combinations, the character table separates into an even
block and an odd square block. The self-conjugate/distinct-odd block is unimodular, so
complementary orthogonal minors produce a square invertible nonsplit-even block. The
split-even columns are a graph over this square core. This converts OPAC for a conjugate
pair into the coordinate inequality in Corollary 7.3.

The same reduction has arithmetic structure. Its graph correction is integral after
Frobenius scaling, the associated Frobenius Gram form has determinant one, both square
cores remain invertible in cross characteristic £ > n, and Miller’s cycle-merging congruence
relates the nonsplit-even and odd cores modulo 2 [9]. The phase normal form isolates the
remaining problem as arithmetic sign rigidity for the actual symmetric-group phase. We
also record the explicit real-metric no-go showing that no theorem using only the underlying
orthogonality and low-rank graph geometry can finish the problem.

2. PARITY BALANCE AND THE SIGN ROW
For yp = (1™12™2...) put
2y = Himimi!, e(p) = (—1)”4(“).
i>1
Let B, = {p:e(u) =1} and O,, = {p : () = —1}. The sign twist is
(1) X (1) = (1) (w).

Let p(n) denote the partition number and g(n) the number of self-conjugate partitions of n,
equivalently the number of partitions into distinct odd parts.

Theorem 2.1 (Exact sign-row count). For every n > 0,

Selm=alm), Ny () =2 am)
ukn

Proof. The signed generating function is

1 1
Z Zs(,u,) " = H 1— g H 14+ 29"

n>0 \ ukn j odd j even

For j = 2r, use (1 +22")~! = (1 — 2?") /(1 — 2*"). Cancelling the even Euler factors leaves
[[>:(1+ 2?"71) the generating function for partitions into distinct odd parts. If the sign
row has P, positive and M,, negative entries, then P, + M,, = p(n) and P,, — M,, = ¢(n). O

For a fixed row A, let E~ () denote the number of negative values on even classes, and
let O~ (), 0%(\), 0" ()\) denote the negative, zero and positive counts on odd classes.
Theorem 2.2 (Parity balance). For every A+ n,

Ny (V) = N (1) = E=(0) =0~ () = 0°(\).

Consequently sign-row mazimality at degree n is equivalent to

(2) E-N) <0 " (W)+0°\)  (AFn).

Proof. By (1), N,; (X) = E=(\) + O"(\). The sign row is negative precisely on O,,, so
N, (1) =[Ol = O~ (X) + O°(A) + O (N).

Subtract. Conjugation permutes the irreducible rows. O
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The term OV is essential; the stronger inequality £~ < O~ is false.

2.1. A magnitude-free representation-ring formulation. Let x be the character of
the conjugation action of S, on itself. On a class u, k() = 2.

Proposition 2.3 (Virtual deficit certificate). Let f = x*(1) and D = (2f)!. There are
integer polynomials P_, Py € Z|x] satisfying

P_(t) = D1;<, Py(t) = D14~ (—f<t<f).
The virtual character

Uy = R(x*) = ePo(x) — 2eP-(x)

satisfies
(3) (Uy, k) =2D(0~(N) + O°(\) — E~(N)).
Hence parity balance is equivalent to (¥, k) > 0.
Proof. Use Lagrange interpolation on — f, —f+1, ..., f. The denominator at an interpolation
node ¢t is (t + f)!(f — t)! up to sign and therefore divides (2f)!. Scaling by D gives integer
coefficients. Polynomial expressions in a genuine character with integer coefficients are
virtual characters. The values of Uy are —2D on even negatives, +2D on odd negatives and

odd zeros, and 0 elsewhere. Since the ordinary inner product is (®,0) = 3", ®(1)O(1)/ 2y,
substitution of k(u) = z, removes the centralizer weights and gives (3). O

The proposition removes all magnitude information, but ¥, is virtual rather than
automatically genuine. Thus the remaining issue is a subtraction/positivity problem in the
representation ring.

3. SELF-CONJUGATE ROWS
We use the Murnaghan—Nakayama rule in its standard form [6, 8].
Lemma 3.1 (Hook support). If x () # 0, then every part of u is a hook length of .

Proof. Choose a part r of y and apply Murnaghan—Nakayama with r first. A nonzero term
requires a removable rim hook of length r. In beta-set language this is a bead move by r,
equivalently the presence of a hook of length 7. O

Proposition 3.2 (Kawsathon-Rodtes). If A = X+ n and a cycle type p has an even part
h > n/2, then x(u) = 0.

This is [7, Proposition 5.1].

Let
h”ZQQZJ—Fl)’ Tn =1 — hp.

Then h,, is the least even integer strictly greater than n/2. For each v + r,, the class
(hy) Uv is forced zero for every self-conjugate row, and its parity is opposite to that of v.

Proposition 3.3 (Forced even zeros). If A = X = n and Zg(\) is the number of even
classes on which x* vanishes, then

p(rn) — Q(rn) .
2

Theorem 3.4 (Self-conjugate rows satisfy OPAC). For every n > 1 and every self-conjugate
A=XNkEn,

Zg(A) >

Thus every counterexample to Conjecture 1.1 must be non-self-conjugate.
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Proof. If A = X, (1) forces every odd-class value to vanish, hence N, (\) = E~(\). Appen-
dix A proves
p(rn) — q(rn)
2
Therefore Zg(\) > q(n) for n > 13. Since |E,| = (p(n) + ¢

>q(n)  (n>13).
n))/2,
p(n

q(n)
2

e

E~(N) < |En| = Ze(M) <

The remaining degrees n < 12 are contained in the exact verification of Section 9. O

4. TWO-ROW CHARACTERS

Let 1 <k <n/2and A = (n—k, k). Write 4 = (a1, ...,ay) with indexed parts and define

bj(,u):#{Sg{l,...,ﬁ}:Zai:j}.

€S
Proposition 4.1 (Subset-sum formula). For every ut n,
XU (1) = b (1) — b1 ().

Proof. The permutation character m; for the action of S, on j-subsets has value b;(1u).

Young’s rule gives 7; = X 4+ x (=D (00 oy — g = xR, O

Write g = (1122 ...) and define

ri(p) = min mi, D) = ;ﬂj(ﬂ)-
)=

Theorem 4.2 (Staircase-core positivity). If x"%*) (1) < 0, then D(u) < 2k.

Proof. The subset-sum polynomial is By, (z) = [[;5;(1 + 27)™i. For each multiplicity level
a>1, put M, = max{M : my,...,mp; > a}. Then

Mq .
Ku(z) = [T TT( +«9)

a>1j=1

divides B, (z) and has degree D(u). Each factor Hj]\/il(l + 27) has symmetric unimodal
coefficients, and products preserve symmetric unimodality; see [12]. Write

Ky(x) = Zut$t7 By(z) = Ku(2)Au(z), Au(x) = Zasxs,
t s
with as > 0. By Proposition 4.1,

X(n—k,k) (,u) — [a:k](l _ x)Bu(g;) = Zas(uk_s — Uk—s—l)'

If 2k < D(u), every relevant index lies at or before the midpoint of the symmetric unimodal
sequence (u), so every summand is nonnegative. O

Theorem 4.3 (Uniform two-row strip). For every ¢ > 0, for all sufficiently large n and
every

1<k (:l/f —6) Vnlogn,
one has N, ((n —k,k)) < (p(n) —q(n))/2. In fact N, ((n — k,k)) = o(p(n)) uniformly in

this range.
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Proof. By Theorem 4.2, negativity implies D(u) < 2k. Proposition B.1 in Appendix B
gives, for a uniformly random partition u F n,

D(p) = (\/6 - OIF’(l)) Vnlogn.

2T

Hence the proportion of partitions with D(u) < 2k tends to zero uniformly in the stated
range. Since g(n) = o(p(n)), the sign-row target is (1/2 + o(1))p(n). O

5. TWO EXACT BOUNDARY PAIRS

Theorem 5.1 (Standard and near-sign hooks). For every n > 2, both (n—1,1) and (2,1"2)
satisfy OPAC.

Proof. For the standard character, x5V (u) = my(p) — 1, so the negative classes are
exactly the partitions with no part 1. Inject these into O,, as follows. If such a partition
is already odd, leave it fixed. If it is even, let r > 2 be its smallest part and replace r by
(r —1,1). The length changes by one and the map is injective, giving N, ((n —1,1)) < |Oy].
For the conjugate near-sign hook, the value is e(u)(my(u) — 1). A direct parity count
gives
(n) —q(n—1) —q(n—2) —p(n —1) + p(n — 2)

_ e 2q
N (2,177%) = |0n] = . .

There are elementary injections

qn) <qln—1)+q(n—-2),  q(n)<pn—1)—pn—2).

For the first, split a distinct-odd partition according to whether it contains 1: delete 1 in
the first case, and otherwise subtract 2 from its smallest part. For the second, delete 1
when present; otherwise subtract 1 from the smallest odd part. These inequalities make the
displayed difference nonpositive. O

Theorem 5.2 (Second two-row conjugate pair). For every n > 4, both (n — 2,2) and
(2,2,1"%) satisfy OPAC.

Proof. By Proposition 4.1,

mi (m1 - 3)
2 b

so negativity occurs exactly when mg = 0 and m; € {1,2}. For negative even sources with
my = 1, splitting the smallest part a > 3 into (a — 1,1) maps injectively into O~ U OY,
while merging the sole 1 into the largest part maps injectively into OY. For sources with
m1 = 2, merging one 1 into the largest part maps injectively into O™, while splitting the
smallest part maps injectively into OT U OY. The image families are separated by their
resulting values of m1, and each operation has a canonical inverse. These are exactly the
two parity-balance inequalities for the conjugate pair. U

X2 (1) = ma +

6. A HALF-LOGARITHMIC BOUNDARY EXCLUSION

For a cycle type p, let X;(u) be the multiplicity of the part j. For a - m, a stable
character polynomial may be written [10, Proposition 4.5]

(4) Pa(X) = (XY X
D | (B

with x"=™ (1) = Py(X1(p), . .., Xm(p)) whenever (n — m, «) is a partition.
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For m, N > 0, let T,,,(N) be the number of partitions of N with all parts greater than m,
let
Du(N)= > &), Q(N)= max q(r).
vEN
all parts>m
Lemma 6.1 (Tail abundance and parity cancellation). For m, N > 0,
D (N)] < 2™Q(N),

and, for N > m,
p(N)

TN) 2 o7y

Proof. Theorem 2.1 gives

> DNz = D g2 | TJ(1 = (-1)7'a).
j=1

N>0 N>0

The last polynomial has coefficient ¢1-norm at most 2™. For the second inequality, classify
a partition by the multiplicities of 1,..., m. There are at most (N + 1) profiles. Deleting
the small parts leaves a tail partition, and T, (r) is nondecreasing for r > m by increasing
the largest part by one. O

Theorem 6.2 (Half-logarithmic boundary exclusion). Fiz ¢ < 1/2. Uniformly over
m =m(n) and a b m satisfying
logn
m< c—————,
~ loglogn
both (n —m,a) and its conjugate satisfy OPAC for all sufficiently large n. Consequently
every infinite sequence of counterexamples satisfies
n— A 1 n— M\ 1

> -, lim inf > =

liminf —————— _— :
(5) i logn/loglogn — 2 logn/loglogn — 2

Proof. Choose n > 0 with ¢+ 3n < 1/2, and put M = n'/2=" and L = n'/2t7. Call
p good if Xq(p) > M and X;(u) < L for 2 < j < m. The number with X; < M is
p(n) —p(n— [ M]) = o(p(n)). For fixed j > 2, deleting | L| copies of j bounds the number
with X; > L by p(n — 2| L), whose ratio to p(n) is exp(—©(n")) by Hardy-Ramanujan [4].
Since m = O(logn/loglogn), the bad set is o(p(n)).

In (4), the term (p,0) = ((1™), @) is f° ();1) > 0. For a non-main summand write
k=mi(p), s =>_;59mj(p), and h = |o|. Then m —k > h +2s. On a good class,

[T (1) <00

J

Uniformly for Xy > M, ()721) > X1"/(2m!) for large n. Using |[x*(7)| < f¢, every non-main
term divided by the positive main term has absolute value at most

S
2mIM " (]\52> < 2mln /23,

There are at most (m + 1)2™ pairs (p, o) with |p| + |o| = m. Thus the total relative error is
at most

2(m + 1)2™m! n~ /243,

Its logarithm is (¢ — 1/2 + 3n + o(1)) logn — —oo by Stirling. Hence x(»~"™%) (1) > 0 on
every good class for large n, uniformly in «, and therefore N, ((n —m,a)) = o(p(n)).
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For the conjugate row, the sign of P, depends only on the small-cycle profile. There are
at most (n 4+ 1)™ profiles. Lemma 6.1 gives

IE=— 07| <2™(n+ 1)™Q(n).

We now construct an odd-zero reservoir. If a # (1), setting X; = --- = X,;, = 0 in (4)
yields
(o)
Pa(0,...,00 = Y (- 1)@ X0 = (—1)™ (x, sgn) = 0.
oFm %o
Thus every partition with all parts greater than m is a zero. If o = (1™), use the
profile X; =1, Xo = -+ = X,;, = 0; the exterior-power generating function shows that

the coefficient of degree m vanishes. In either case the number of odd zeros is at least
(Thn(N) — | D (N)|)/2 for N € {n,n — 1}. By Lemma 6.1 and Hardy—Ramanujan,
log Ty (N) = 2m4/n/6 + o(v/n),

whereas the signed imbalance is on the distinct-odd scale 7+/n/6 4+ o(y/n). Hence O° >
|E~ — O~ | for large n, so parity balance holds for the conjugate row as well. Applying the
result to conjugate partitions gives (5). O

7. THE SQUARE-CORE REDUCTION
Write
D,, = {6 F n: § has distinct odd parts}, N, = E, \ Dy,
so |Dy| = q(n) and

_ _. . pn)—q(n)
No| = 10y] =: s = s

Let X = (x (1)) be the ordinary character table and

A
Q)\,;L = X\/(Z%)

its orthogonal normalization.

7.1. The principal-hook split block. For a self-conjugate partition o, let §(c) =
(h11(0), haa(o),...) be its principal diagonal hook lengths. These are distinct odd integers
summing to n and give the classical bijection from self-conjugate partitions to D,,.

Lemma 7.1 (Unimodular split block). Order self-conjugate partitions by lexicographic order
on their principal-hook sequences, and order D,, through the same bijection. Then

XSC,D = (XU((S))UZU’, 6€Dy,
18 triangular with diagonal entries 1. In particular it s unimodular.

Proof. Apply Murnaghan—Nakayama successively in decreasing principal-hook length. If
two principal-hook sequences first differ at position j and the column sequence has a larger
jth term, then after the common larger principal hooks are removed, the remaining diagram
has no hook of that length, so the value is zero. On the diagonal, each principal hook is
forced; the product of rim-hook signs is +1. O
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7.2. The square nonsplit-even core. Choose one representative from each non-self-
conjugate pair {p, p'}; call the set R. Replace each pair of normalized rows by its symmetric
and antisymmetric combinations. Then the orthogonal matrix has block form

[V~ Vb 0
(6) Q=|wy Wp 0],
0 0 U

where columns are N, D, O, the first block row is indexed by R, the second by self-
conjugate irreducibles, and the third by antisymmetric pair rows. Thus U € R%*¢ is
orthogonal and the full even block is orthogonal.

Theorem 7.2 (Square-core theorem). The matriz Vy € R**® is invertible. Moreover

1
\/ H&E'Dn <8
Equivalently, for the ordinary character table,

|det Xg v, | = 27%/2 H Zy H 25.
veN, €D,

Wp = Xep diag(z; /* : 6 € D,)

(7) |det VN| = |detWD| =

Proof. By Lemma 7.1,

is invertible with the displayed determinant. Complementary minors of an orthogonal
matrix have equal absolute determinant, so the complementary block V in (6) is invertible
and has the same absolute determinant. Finally

VN = \/iXR,Nn diag(z;l/2 v EeMN),

which gives the ordinary determinant. O

The ordinary block is the nonsymmetric/non-split alternating-group block studied by
Bessenrodt—Olsson [2, Theorem 2.3]; the normalized proof above exposes the graph geometry
needed here.

Since Vjy is invertible there is a unique matrix R with Vp = VyR. Orthogonality gives

(8) R=-W{(WpH)™,
and
(9) Vn(I + RROYVEL = 1,.

Corollary 7.3 (Square-core form of parity balance). Fiz a non-self-conjugate pair {\, X'}
and let x) be the corresponding row of Vi, while yy is the corresponding row of U. Then

E7(A\) =n_(z)) + n_(2\R),
and the two members of the pair both satisfy the sign-row bound if and only if
(10) n(zx) +n_(2xR) < min{n<o(yr), n>0(yr)}-

Proof. All normalization factors are positive. The even values of A and X\’ coincide, while
their odd values differ by sign. Equation (8) identifies the split-even row with xR, and
Theorem 2.2 applied to both pair members gives the result. O
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7.3. An odd-central parity bridge. For the chosen orientation R, set
hR = Z(ep - 6,0’)7
PER
where e, are primitive central idempotents. It is odd-supported and satisfies
br=1-> ¢ bk =br
o=o’

Proposition 7.4 (Odd-to-nonsplit parity bridge). In normalized class coordinates, the
odd-to-even block of multiplication by hr is VIU. Its restriction

HING, On) = VR U
is invertible. Hence multiplication by br gives an exact linear isomorphism RO = RN

Proof. In the pair-adapted spectral basis, multiplication by hr swaps symmetric and anti-
symmetric pair coordinates and annihilates every self-conjugate coordinate. Transforming
back gives VTU. The restriction is invertible by Theorem 7.2 and orthogonality of U. [

8. ARITHMETIC STRUCTURE OF THE SQUARE CORE

Write
XN = XR N, Xp =XRrD,; Xo = XR,0,,
and let Zn, Zp, Zo be the corresponding centralizer diagonal matrices.
8.1. Cross-characteristic invertibility.

Proposition 8.1. For every prime £ > n, both X and Xo are invertible over Fy.

Proof. The determinant formula in Theorem 7.2, equivalently the alternating-group deter-
minant of Bessenrodt—Olsson, has prime support at most n, so Xy stays invertible modulo
£ > n. For the odd core,

U=V2Xx02,"% — uvUT =1,

whence
(11) 2XoZy' X5 =1, X;'=22;'X3.
Thus no prime exceeding n divides det Xo. O

8.2. Integral graph lattice and determinant one.

Proposition 8.2 (Integral graph lattice). Define

C=—Xen(Xeep) ™
Then C' € Mgy qmn)(Z) and
(12) R=2zy"*cz}{®>,  Xp=XnZy'CZp.
Moreover
(13) det(Z5' + CTZy'C) = 1.

Proof. The split block X p is unimodular by Lemma 7.1, hence C' is integral. Substitution
into (8) gives (12). Taking determinants in (9) and using (7) gives
det(I + RRT) = det(I + R"R) = [] 25 = det Zp.
0€Dy,
But (12) gives
I1+RTR=2%(z;' +C"z5'C) 7)),
so cancellation yields (13). O
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8.3. Low-rank distortion and the phase normal form. Put
M=I+RRT, H=VIU.

Proposition 8.3 (Arithmetic phase normal form). One has

VAV =Mt Vyt=MVY,

HH" = M1, I-HH' = RI+R'R)'RT - 0.

Hence at least s — q(n) singular values of the canonical odd/nonsplit-even bridge are exactly
1. If P= VA71U, then PPT = M, so there are orthogonal matrices O, S € O(s) with

Vy=0MY2  pP=MY2s.
For corresponding rows, writing z for the appropriate row of O,
(14) x=2zM"Y2  zR=:M"'2R, = 28.

Proof. Tnvert (9). Since UUT = I, HHT = VIVy = M~!, and the Woodbury identity
gives
I-M'=R(UI+R'R)™RT.
Finally PPT = Vy 1V]\7 T = M, so polar decomposition gives the stated orthogonal factors.
(]

Thus all real metric distortion is confined to at most ¢(n) directions; the unresolved sign
problem is to control the phase S by arithmetic or genuine character-theoretic information.

8.4. A canonical mod-2 relation. Let II be the permutation matrix of the standard
binary split/merge pairing between N, and O,,: along the least nonterminal 2-adic chain of
parts, merge two equal parts 2"d into one part 2"T1d, or perform the inverse split. The fixed
points on all partitions are precisely the distinct-odd partitions, so the restriction pairs N,
bijectively with O,,.

Proposition 8.4 (Binary pairing congruence).
(15) XNy = Xoll (mod 2).
Proof. Miller [9, Proposition 1] proves that replacing p equal k-cycles by one pk-cycle

preserves every S, character value modulo p. Every edge of the binary involution is such a
merge/split with p = 2. O

8.5. Generic real square-core geometry is insufficient.

Proposition 8.5 (Real-metric no-go). The real identities consisting of orthogonality,
Vb =VNR, VN(I + RRT)VIE,F = 1, the determinant constraint and an arbitrary orthogonal
odd core do not imply the square-core sign inequality (10).

Proof. Take
V2 30 1 (1 -1
() =@ 1) -G

Vv =OM™Y2 U = 0Odiag(1,-1).

The first corresponding row has
= (1/v6,-1/v2), zR=1/V/3>0, y=(1/v2,1/V2).

Thus the left side of (10) is 1 while the right side is 0. The even rows can be completed to
a full orthogonal block by (—+/2/3,0,1/4/3). Hence the real square-core package alone is
insufficient; arithmetic constraints such as (12), (13) and (15), or other actual S, structure,
are essential. g
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Remark 8.6 (Direct remaining target). Equations (14) and (10) isolate the unresolved
non-self-conjugate problem in the form

n_(zMY%) + n_(zM~Y2R) < min{n<o(25),n>0(25)}.

The direct target is therefore an arithmetic phase theorem: prove this inequality for the
actual symmetric-group phase S using the simultaneous integral graph lattice, determinant-
one Frobenius form, cross-characteristic invertibility, mod-2 pairing, or further genuine
character-table structure. Proposition 8.5 shows that generic real geometry cannot supply
the missing implication.

9. EXACT COMPUTATION

The OPAC inequality has been verified in exact arithmetic for every 1 < n < 29. The
sign row is the unique maximizer at n = 2,6 and every 8 < n < 29; non-sign ties occur
only at n = 3,4,5,7. Character tables were computed by integer Murnaghan—Nakayama
recursion and each class column was independently checked by

Z X)\(N)z = Zu-

A-n

The same exact arithmetic supplies the finite cases used in Theorem 3.4. No computational
observation is used in the asymptotic arguments.

Remark 9.1 (Exploratory full-rank phenomenon). An unarchived exact/modular pass reports
rank Xe. 7, = ¢q(n) (3 <n < 35).

This is not a theorem and is not used above. If true in all degrees, then C' and R have
full column rank ¢(n) and the bridge in Proposition 8.3 has exactly ¢(n) distorted singular
directions. Archival certificates are required before this observation should be promoted
beyond CHECK status.

10. CONCLUSION

The sign-row problem is reduced exactly to parity balance. Self-conjugate rows are
settled in every degree; a uniform /nlogn strip of two-row characters is settled; the first
two nontrivial conjugate boundary pairs are settled in every degree; and Theorem 6.2
excludes every infinite counterexample sequence from a boundary layer of asymptotic width
(1/2 —o(1))logn/loglogn.

For the remaining non-self-conjugate rows, Sections 7 and 8 isolate a square nonsplit-even
core and an odd core of the same dimension. The split-even sector is encoded by the integral
Frobenius-scaled graph matrix C, whose rational Frobenius Gram form has determinant
one. Both square cores survive modulo every prime ¢ > n, the parity bridge is an isometry
off at most ¢(n) directions, and Miller’s congruence ties the two integral bases together
modulo 2. Proposition 8.5 proves that the associated real metric geometry is not enough
by itself. The direct unresolved step is therefore an arithmetic sign theorem for the actual
symmetric-group phase in (14). Proposition 2.3 gives a complementary representation-ring
formulation in which the OPAC deficit is an exact integral pairing with the conjugation
character. The global conjecture remains open.

APPENDIX A. EFFECTIVE COMPLETION OF THE SELF-CONJUGATE SECTOR

Lemma A.1 (Distinct-odd bound). For every n > 1,

q(n) <em n/6‘
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Proof. Write Q(z) = [];5,(1 + 2271 and f(z) = log(1 + e~%). The function f is convex.
Midpoint convexity on [(2j — 2)t, 2jt] gives
2jt
22 - D0 < [ fo)de
(2j—2)t
Summing and using [;~log(1l 4+ e *)dz = 72/12 yields logQ(e™") < n?/(24t). Since
g(n)e™™ < Q(e™),

2

s
] <nt4+ —
og q(n) nt+ o

Minimize at t = 7/v/24n. O
Proposition A.2 (Effective partition comparison). For every n > 13,

p(rn);q“n)zq(n), rn:n—Q(EJJrl).

Proof. For 13 < n < 249 the inequality was checked in exact integer arithmetic using
independent recurrences for p and ¢. For n > 250, the explicit lower bound of Banerjee—
Paule-Radu—Zeng [1, Theorem 1.3] gives
671'\/2m/3 1
p(m) > <1 - > .

Since n/2 —2 <1, <n/2,

errw/(nf4)/3.

3
p(rn) > 8\/371

By Lemma A.1, q(ry,) 4+ 2¢(n) < 3e™V™6. It is enough to verify

(F ) + Tog(8v/3m).

The difference is positive at n = 250 and has positive derivative thereafter. O

APPENDIX B. RANDOM-PARTITION SIZE OF THE STAIRCASE CORE

Under Fristedt’s Boltzmann measure [3] with parameter ¢ = e~!, the multiplicities Z; are
independent geometric random variables with

P(Z; > ¢) = e .

Let ( )
o g+l
A 112112 <j ZZ’ SJ - 2 '
Then P(r; > £) = e~*5i* and Erj = (e!% — 1)*1 Consequently
(16) ED =) ts log +O(t™h).
ji>1

For j <k, the nested-minimum memoryless structure gives

e*tSk
Cov(rj, i) = Var(ry) = (1—e=tSk)2’

and summing covariances yields

e—tSk

(17) VarD => k*
E>1

Thus v/Var D/ED = O((log(1/t))~'/?).

2 1 ,2
7(1 Ep=rAE = t—Qlog; +O0(t™7).
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For a uniform random partition of n, take ¢, = n/v6n and J, = t;l/Q/log(l/tn).
The truncated statistic Dj, = ng 7, Jrj depends only on multiplicities of part sizes
j < J, =o0(y/n). Fristedt’s conditioning device, in the quantitative form developed by Pittel
[11], transfers these coordinates from the Boltzmann model to the uniform partition model.
The truncation retains the leading terms of (16) and (17). Chebyshev’s inequality gives:

Proposition B.1. For a uniformly random partition bt n,

D) > (L op(1) ) vilogn.

COMPUTATIONAL REPRODUCIBILITY

The exact finite verification and the recurrence checks used in Proposition A.2 were
performed in integer arithmetic. Supplementary code and certificates are archived at
d0i:10.5281 /zenodo.22076808. The exploratory rank statement in Remark 9.1 is explicitly
not part of the archived theorem certificate.
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