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GEOADALER: GEOMETRIC INSIGHTS INTO ADAPTIVE
STOCHASTIC GRADIENT DESCENT ALGORITHMS

CHINEDU ELEH"S, MASUZYO MWANZA', EKENE AGUEGBOH!, HANS-WERNER VAN
WYKH'

Abstract. The Adam optimization method has achieved remarkable success in addressing con-
temporary challenges in stochastic optimization. This method falls within the realm of adaptive
sub-gradient techniques, yet the underlying geometric principles guiding its performance have re-
mained shrouded in mystery, and have long confounded researchers. In this paper, we introduce
GeoAdaLer (Geometric Adaptive Learner), a novel adaptive learning method for stochastic gradi-
ent descent optimization, which draws from the geometric properties of the optimization landscape.
Beyond emerging as a formidable contender, the proposed method extends the concept of adaptive
learning by introducing a geometrically inclined approach that enhances the interpretability and
effectiveness in complex optimization scenarios.

Key words. adaptive learning rate, stochastic optimization, convex optimization, large-scale
optimization, machine learning
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1. Introduction. Stochastic gradient descent (SGD) optimization methods [25,
29] play an important role in various scientific fields. When applied to machine learn-
ing algorithms, the objective is to adjust a set of parameters with the goal of opti-
mizing an objective function. This optimization usually involves a series of iterative
adjustments made to the parameters in each step as the algorithm progresses [14]. In
the vanilla gradient descent approach, the magnitude of the gradient is the predom-
inant annealing factor causing the algorithm to take larger steps when you are away
from the optimum and smaller steps when closer to an optimum [27]. This method,
however, becomes less effective near an optimal point, necessitating the selection of
a smaller learning rate, which in turn affects the speed of convergence. The raw
magnitude of the gradient does not always align with the optimal descent step size,
thus necessitating a manually chosen learning rate. If the learning rate is too big,
overshooting may occur and convergence rate is slow if the learning rate is too small.
This challenge has led to the development of adaptive learning algorithms [23]. In this
paper, we explore gradient descent algorithms that optimize the objective function
with emphasis on the update rule. In this context, we focus on the update rule by
breaking it into three components: the learning rate, the annealing factor, and the de-
scent direction. This approach allows us to evaluate the effectiveness of an algorithm
by examining the impact of its learning rate, annealing factor, and descent direction
on the optimization process.

In this paper, we propose GeoAdaLer (short for Geometric Adaptive Learner), a
new adaptive learning method for SGD optimization that is based on the geometric
properties of the objective landscape. We use cosine of 6 (where 6 is the acute angle
between the normal to the tangent hyperplane and the horizontal hyperplane) as an
annealing factor, which takes values close to zero when the optimization is traversing
points close to an optimum and close to one for points far away from an optimum.
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2 C. ELEH, M. MWANZA, E. AGUEGBOH, AND HW. VAN WYK

Our method has surprising similarities to other adaptive learning methods.

Some of the advantages of GeoAdaLer is that it introduces a geometric approach
for the annealing factor and outperforms standard SGD optimization methods due
to the cosine of #. Through both theoretical analysis and empirical observation,
we identified similarities between our proposed method and other adaptive learning
techniques. Our method enhances the understanding of existing algorithms and opens
up more opportunities for geometric interpretability of how the algorithms traverse
the objective manifold.

Additionally, we analyze the convergence of GeoAdaLer. We frame the optimiza-
tion process as a fixed-point problem and split the analysis into deterministic and
stochastic cases. Under the deterministic framework, we assume convexity and the
existence of a finite optimal value. We utilize the Lipschitz continuity property of the
gradient to establish upper bounds of convergence. We further employ the cocoerciv-
ity and quadratic upper bound properties to establish the lower bounds of convergence
[34]. Under the stochastic framework, we employ the regret function, which measures
the overall difference between our method and the known optimum point, ensuring
that as time tends to infinity, the regret function over time tends to zero. By ensuring
that the upper bound of the regret function goes to zero, we determine the overall
convergence of the stochastic method to an optimum point. Both the deterministic
and stochastic analyses demonstrate the robustness of GeoAdaLer and enhance our
understanding of its practical applications.

2. Related Work. In the field of adaptive stochastic gradient descent algo-
rithms, we continue to see improvements, often due to the need to address shortcom-
ings of previous methods. The pioneering approach is AdaGrad, which focuses on the
concept of per-parameter adaptive learning rates. The foundation of AdaGrad is also
the source of its limitation: the monotonic accumulation of squared gradients that
could prematurely stifle learning rates [37, 8].

Subsequent optimizers like AdaDelta, RMSprop, and the popular Adam sought
to address this issue [14, 33, 37]. AdaDelta introduced a decaying average of past
squared gradients, while RMSprop utilized a similar exponential decay mechanism to
limit the aggressive reduction in learning rates. Adam combined RMSprop’s adaptive
learning rates with the concept of momentum for smoother updates. However, Adam
has been challenged by AMSGrad which modifies the algorithm in order to imbue
it with ”long term memory” which addresses issues with sub-optimal convergence
under specific conditions and improves empirical performance [24]. As pointed out
by [21, 31, 38], the assumptions on the hyperparameters of Adam were made before
constructing the counter examples in [24]. Insights gained from these examples are
invaluable for the ongoing exploration of stochastic gradient descent algorithms.

The literature on adaptive optimization algorithms for SGD reveals that each
algorithm addresses the problems evident in its predecessors. The iterative approach,
while successful in many ways, arguably emphasizes the lack of fundamental intuition
regarding the dynamics of the AdaGrad family of optimizers.

GeoAdalLer is a novel adaptive learning method for SGD, employing the proper-
ties of the objective landscape. The innovative idea behind the GeoAdaLer approach
is that the acute angle between the normal to the tangent plane at « and the horizon-
tal plane conveys significant curvature-related information. This information could
potentially recover the power of second order methods, which are not feasible in large-
scale machine learning optimization. An understanding of this geometric approach to
analyze adaptive methods for SGD can shed new light on the behavior of other algo-
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GEOADALER 3

rithms in the AdaGrad family, potentially revealing the rationale for their strengths
and weaknesses.

By discussing the geometric implications of adaptive step processes, we are able
to potentially come up with optimizers that:

e have more optimal annealing: A geometric perspective that informs
strategies to control learning rate decay more effectively, preventing prema-
ture convergence or extensively slow convergence.

e provide parameter-sensitive adaptivity: The geometry reveals how to
tailor updates for individual parameters in a more principled manner.

e increase robustness: Understanding the geometric implications leads to
optimizers that are less dependent on sensitive hyper-parameter tuning.

In essence, a geometric framework promises to move beyond the reactive development
pattern, allowing us to proactively design adaptive optimizers that address the core
issues in the AdaGrad family with greater intuition and foresight.

3. Mathematical Formulation.

3.1. Deterministic Optimization. Consider the minimization of the convex
objective functional f : R™ — R using the gradient descent algorithm. The vanilla
gradient descent (GD) algorithm that maximizes the benefit of gradient annealing for
smooth functions is

(31) Ti41 = Tt + (S.I?t

where dx; = —vyg; and g; is the gradient of the objective function at time ¢. This is
the update step and is largely responsible for how far a step is taken in the descent
direction. To see its real contribution, we decompose it further into

(3.2) 6ze = —|9¢l|g¢

where v > 0 is the learning rate which is responsible for manually scaling the step
size, ||g¢|| is the annealing factor, and —g; is the unit vector in the descent direction.

It is established that the annealing factor tends to be sub-optimal and can cause
overshooting which we need to compensate for by applying a smaller learning rate,
increasing convergence time [23]. To combat this issue, we propose an annealing
factor based on the cosine of 8;, where 0; is the acute angle between the normal to the
tangent hyperplane and the horizontal hyperplane at iteration t. As shown in Figure
1, 6; holds a vital information about the location of the current gradient step on the
objective function. We harness this information using the cosine of 6; and prove the
following theorem.

THEOREM 3.1 (Geohess). Let 0 be the acute angle between the normal to an
objective function f : R™ — R which is differentiable at x. Let || - | be the norm
induced by the inner product on R™. Then

Iv/@I
VIVI@IE+1

We call Theorem 3.1 Geohess since this formulation mimics the curvature information
traditionally found in the full hessian matrix.

(3.3) cosf =

Proof. Let x; be an arbitrary point in R”. Then [~V f(x;),1]T is orthogonal
to [z — s,y — f(2;)] where (z,y) lies on the tangent hyperplane to f at z;. i.e.,
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Fig. 1: Geometric view of 6 as the GeoAdaLer step traverses the objective function.

[~V f(x;),1]" is normal to [z—x;, y— f(;)]. Let 6 be the angle this normal makes with
the horizontal hyperplane at the point (z;, f(x;)) in the descent direction —V f(z;),
i.e., a vector parallel to [~V f(z;),0]. Then by vector calculus,

[V f@), T =V (@), 0 VSl

GO S ), ATV G, OF T VG2 1

as required. O

The proposed GeoAdalLer update step is as follows:

||9tH

Vgl +1

Equation (3.5) follows from the Geohess theorem (Theorem 3.1). In equation (3.5), if
gt is zero, then the update step is zero and algorithm has converged. If g; is not zero,
then equation (3.5) reduces to

(3.5) 0xy = —ygrcosby = —v gt Provide

gt

SV |
Vllgel? +1

3.2. Properties of GeoAdaLer Annealing Factor. The acute angle 6; de-
pends on g;, and therefore, the annealing factor possesses the following properties as
llge]l — 0 and as ||g¢]] — oo respectively:

6$t =
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loel oy lal

1. ——— 0
Vgl +1 Vilgel? +1

In practice, we do not want ||g:|| — oo but as long as the magnitude of the gradient
is large, the sufficiency in item 1 is guaranteed. Of utmost importance is item 2.

The GeoAdaLer algorithm is presented in Algorithm 3.1. In the deterministic
setting, we set 8 = 0.

3.3. Stochastic Optimization. Online learning and stochastic optimization
are closely linked and can be essentially used interchangeably [8, 5]. In online learning,
the learner iteratively predicts a point z; € X C R"™, often representing a weight vector
that assigns importance values to different features. The objective of the learner is to

minimize]g [f(x,9)],

which is too difficult to predict [10]. Instead, we minimize regret, defined as the
difference between the learner’s cumulative loss and the cumulative loss of the best
fixed predictor in hindsight, * € X, chosen from a closed convex set (details Section
5.2). This is performed across a sequence of convex loss functions {f1, fa,- - }, where
each function represents feedback or loss information available at step ¢ [39, 30, 10].

Geometrically, gradients are vectors and have directions. Under a suitable distri-
bution, a convex hull of these gradients approximates the true gradient for stochastic
optimizations. A common and intuitive approach to approximating the expected gra-
dient is by employing an exponential moving average (EMA). As is the practice in
literature [12, 14], we use a momentum-like term to replace the instantaneous gradi-
ent, thereby mitigating stochastic fluctuations and revealing underlying trends in the
gradient values. That is,

(3.6) myy1 = By + (1 — B)ge.

where § € [0,1). We have used g; = V f;(z;) for notational convenience. The term
(B is constructed as a weighted average of the historical gradients and the current
gradient. This modification enhances our ability to approximate the true underlying
gradient more effectively in time. It also has the ability to update and learn as new
streams of data are observed.

In Algorithm 3.1, we present a pseudo-code of the proposed GeoAdaler learning
method.

3.3.1. GeoAdaMax. Due to stochasticity and varying frequencies of occurrence
of certain model inputs, such as in deep neural networks, adaptive stochastic gradient
descent methods sometimes encounter issues with non-increasing squared gradients.
For instance, consider the convex objective function presented in [24] over the domain
[—1, 1], defined as follows:

fi(x) =

Czx, ift mod3=1
—x, otherwise,

where C' > 2. In such scenarios, the adaptive step employed by the optimizer can
still function effectively as a form of annealing, but the vanilla adaptive step leads to
a suboptimality.

To address this problem, an approach was developed by [24], which involves re-
taining the maximum of the normalizing denominator over iterations. This approach
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Algorithm 3.1 GeoAdaLer

Require: 7 : Learning rate
Require: 3 : Exponential decay rate for weighted average
Require: f; : Stochastic objective function
Require: x( : Initial parameter vector
t<0
while z; not converged do
gt < Vfi(z:) (Get gradients w.r.t stochastic objective)

if ¢t =0 then
my < g; (initial weighted average)
else
my = fmy—1 + (1 — f)g: (Updated weighted average)
end if
Zer1 = o — v - me/(\/||me]|? + 1) (Update parameters)
t+—t+1
end while
return z;

reduces to a self scaling SGD with momentum [24]. By implementing a similar idea, we
observe related results for GeoAdaLer. We call this method GeoAdaMax, indicating
the use of maximum of the variance term.

GeoAdaMax dynamically adjusts the denominator using the largest historical
value of the EMA. When this denominator remains unchanged, the update scale re-
flects its historical maximum, preserving proportionality in all future updates. This
mechanism fine-tunes step sizes while maintaining alignment with past gradient mag-
nitudes. The summary of the algorithm is presented in Algorithm 3.2

Geometrically, this is akin to increasing the angle between the normal and the
horizontal plane by using a vector different from the normal. This leads to relatively
smaller step sizes than if the original angle were used. Theorem 3.2 shows that indeed,
the acute angle 6 is increased.

THEOREM 3.2. Let 0; be the acute ang]e between the normal and the horizontal
hyperplanes at the current iteration and let ; be the acute angle between the horizontal
hyperplane and the normal that mazximizes the norm up to the current iteration, t.
Then

0; < 6,.
Proof. By Algorithm 3.1 and Theorem 3.1,

cosy = —Amll o e | — cosd,

Applying the inverse cosine function on both sides gives the desired result since cos™!

is monotone decreasing on [0, 1]. O

4. Relationship to the AdaGrad Family. The AdaGrad family of methods
adjusts learning rates based on the accumulation of past gradients. These methods
dynamically adapt the step size during optimization to handle varying gradient mag-
nitudes across dimensions. For a given time step ¢, the learning rate adjustment in
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Algorithm 3.2 GeoAdaMax

Require: 7: Learning rate
Require: : Exponential decay rate for weighted average
Require: f;: Stochastic objective function
Require: xg: Initial parameter vector

t<0

U < 0

while z; not converged do

gt + Vfi(z) (Get gradients w.r.t stochastic objective)

if t =0 then

my < g; (initial weighted average)
else

my = Bmi—1 + (1 — B)g: (Update weighted average)
end if

up = max(||mq]|? + 1, us_1)
T = ¢ — v - my/(\/ur) (Update parameters)
t—t+1

end while

return z,

these methods depends on the accumulated gradient information, which we represent
as GG;. Below is a summary of how Gy is defined for the main methods in the AdaGrad
family:

AdaGrad: For AdaGrad, G; is given as

t
Go=2 g
i=1

where g; is the gradient at step i. AdaGrad accumulates the squared gradients over
time, leading to decreasing learning rates [8].
RMSProp: The G; step in RMSProp involves exponential moving average and
is given as
Gy = BGi1+ (1 - B)g}.

RMSProp introduces an exponential decay factor /3, preventing the learning rate from
decreasing too quickly by giving more weight to recent gradients [12].
AdaGrad and RMSProp modify the learning rate as follows:

v
x =Ty — —F———0,
t+1 t Gt+€gt

where 7 is the global learning rate and € is a small constant for numerical stability.

Adam: In the case of Adam, an adjustment is not only made to the squared
gradients but also to the gradients where a bias-corrected moving average is applied
to each:

my = Bimy—1 + (1 — B1)ge
Gy = 2Gi—1+ (1 — ﬁ2)9t2

where m; and G are the moving average of the gradients and the squared gradients
respective, 1, = my/(1 — B1) and Gy = G¢/(1 — %) are the bias-corrected moving
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8 C. ELEH, M. MWANZA, E. AGUEGBOH, AND HW. VAN WYK

average of gradients and squared gradients respectively. Adam combines the ideas of
momentum and adaptive learning rates for smoother updates [14].
The Adam’s update rule therefore is as follows:

v A
T4l = Tt — ——F7—— My,
V Gt + €

4.1. GeoAdaLer in Comparison. The core of GeoAdalLer’s update is based
on the cosine of the angle 6 between the normal to the gradient and the horizontal
hyperplane. It effectively uses the geometry of the optimization landscape to inform
its adaptivity. Hence, with an EMA update

my = Bmy_1 + (1 - B)gr,
GeoAdaLer updates as:
~

€T =Tt — —F—————M.
t+1 t ,7Hmt”2+l t

As shown above, GeoAdaLer’s update is similar to that of the AdaGrad family with
some function of the squared gradient playing a big role in the optimization step. The
main differences include:
(a) The use of norm-based scaler
(b) The stability term in GeoAdaLer is naturally derived from the choice of the
reference plane, for example with the choice of the normal to the gradient,
our scaler produces a stability term of 1.
(¢) There is only one moving average which is used in the estimation of the
gradient and the function of the squared gradients
(d) Directly comparing to Adam, we also agree that Gy is always bigger for Adam
since by Jensen’s inequality,

Bmy—1 + (1 — /B)gt]Q < Bmi_, +(1—P)gi,

where the LHS G; is for GeoAdaLer and the RHS for Adam.
We remark that all of these differences stem from the geometric intuition behind
GeoAdaler, which we believe lends itself to better understanding of the optimization
paths as well as interpreting optimal values. Also, as noted in [35], the use of norm-
based adaptivity ensures GeoAdaler is robust to its hyperparameters.

5. Convergence Analysis.

5.1. Deterministic Setting. We analyze the convergence of GeoAdaler, first
for the deterministic case, and then for the stochastic setting. Our setup remains the
same, namely:

(5.1) minixmize f(z)

using the new adaptive gradient descent (GeoAdaLer) method where f : R® — R is
an objective function. We recast the optimization problem (5.1) into a fixed point
iteration. Let T': R™ — R™ be a nonlinear operator defined as:

vy
(5:2) ( VN/Vf|2+1>< )

where [ is the identity map.

This manuscript is for review purposes only.
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THEOREM 5.1. Let f : R™ — R be convex and Vf Lipschitz continuous with
v < % where L is the Lipschitz constant for Vf. Assume f attains an optimal value
at x* = argmin, f(x). Then T defined in (5.2) is a contraction map with contrac-

2
tion parameter a = \/1 + ’yQL% - QVLTG < 1 where Lg is the Lipschitz constant for

HVZ|f|21 and || - || is the Fuclidean norm in R™. That is
+
(5.3) 1Tz =Tyl < afz =yl

A critical component of Theorem 5.1 involves demonstrating that the mapping 7'
is a contraction. This allows us to invoke the Banach Fixed Point Theorem, which
asserts that any contraction mapping on a complete metric space possesses a unique
fixed point [6, 28, 32, 11]. By iteratively applying the contraction map, starting from
an initial point, we ensure convergence to this fixed point. The recursive iterations
converge to the unique fixed point with a geometric rate of convergence «. This fixed
point corresponds to the minimizer we are seeking [3]. We remark that Theorem 5.1
holds if we replace gradient with subgradient.

5.2. Stochastic Setting. We examine the convergence properties of the GeoAd-
aler optimizer within the framework of online learning, as originally introduced in
[39]. This framework involves a sequence of convex cost functions {fi, fo,..., fr},
each of which becomes known only at its respective timestep. The objective at each
step t is to estimate the parameter z; and evaluate it using the newly revealed cost
function f;. Given the unpredictable nature of the sequence, we assess the perfor-
mance of our algorithm by computing the regret. Regret is defined as the cumulative
sum of the differences between the online predictions fi(x;) and the optimal fixed
parameter f;(z*) within a feasible set X across all previous time-steps. Specifically,
the regret is defined as follows [39, 14]:

T
(5.4) R(T) = Z (fe(ze) — fe(2"))

t=1

where the optimal parameter z* is determined by z* = arg min,¢x Zthl fi(x). We
demonstrate that GeoAdaLer achieves a regret bound of O(v/T), with a detailed
proof provided in the appendix C. This result aligns with the best known bounds
for the general convex online learning problem. We carry over all notations from the
deterministic setting. Assuming the learning rate v; is of order O(t~'/2) and B, is
exponentially decaying with exponential constant A very close to 1, we obtain the
following regret bounds for online learning with GeoAdaLer algorithm.

THEOREM 5.2. For all x € R", and t < T, assume f; is conver and the gradient
norm ||V fi(x)|| < G . Let v = %, Br = BA, XA € (0,1), and 8 € [0,1). For any
k € {1,...,T}, the separation between any point xj generated by GeoAdaLer and

the minimizer of an offline objective computed after all data is known is bounded as
|lzx —2*|| < G. Then, for any T > 1, GeoAdaLer Algorithm achieves the regret bound:

- D>VG2 +1VT + G(2VT — 1) N DGB(1 - \T)
- 2(1-5) (1=8)1=A)

From Theorem 5.2, we observe that the GeoAdalLer algorithm achieves a sublinear
regret bound of O(\/T ) over T iterations, which is consistent with the results typically

(5.5) R(T)

This manuscript is for review purposes only.
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found in the literature for similar algorithms. Our proof, akin to the approach taken in
the Adam algorithm [14], relies significantly on the decay of 3; to ensure convergence.

In contrast to other adaptive stochastic gradient descent methods that adapts
the current employs norm based scaling. This approach ensures that each parameter
benefits from the collective dynamics of all parameters at the current time while
retaining historical information in the exponential moving average of the gradients
used for the adaptation. We remark that the convergence analysis for GeoAdaMax
follows trivially from Theorem 5.2.

COROLLARY 5.3. Assume that for any x € R™, the function f; is conver and
satisfies the gradient bounds ||V fi(x)||2 < G. Also, assume that the distance between
any parameter xy generated by GeoAdaLer Algorithm and the minimizer of an offline
objective computed after all data is known is bounded, namely ||z —x*|2 < D for any
ke{l,---,T}. Then, GeoAdaLer achieves the following guarantee for all T > 1:

T
lim sup M <0
T—o0 T

The corollary is derived by dividing the result in Theorem 5.2 by T" and applying the
limit superior operation to both sides of the inequality 5.5. It is important to note
that when R(T) yields a negative value, it indicates a favorable performance of the
iterates produced by the GeoAdaLer algorithm. Specifically, such results suggest that
the algorithm’s execution leads to an expected loss that is lower than that of the best
possible offline algorithm, which has full foresight of all cost functions and selects for
a single optimal vector as proposed in [39).

6. Experiments. We compare GeoAdaLer to other algorithms such as Adam,
AMSGrad, and SGD with momentum. This comparison aims to assess how the geo-
metric approach performs against these popular methods on the standard CIFAR-10
and MNIST datasets. Additionally, we examine how key hyperparameters influence
the convergence of GeoAdalLer across different datasets.

The hyperparameter settings for the algorithms are detailed as follows. These
settings represent default values unless otherwise specified as recommended in the
literature or considered standard for their respective packages. For SGD, the learning
rate was set to 0.01, momentum to 0.9 and dampening to 0.9. For Adam & AMSGrad,
the learning rate was set to 0.001, 81 to 0.9 and S5 to 0.99. All CPU calculations were
performed on an AMD Ryzen 8-core CPU, and GPU calculations were conducted on
a NVIDIA 3080ti.

6.1. MNIST Dataset. In the MNIST [18] experiment we trained a fully con-
nected feed forward neural networks . It consists of three fully connected layers: the
first layer takes in 784 input features (flattened 28x28 grayscale images) and outputs
128 features, the second layer reduces these to 64 features, and the final layer out-
puts 10 logits corresponding to class scores. Each of the first two layers is followed
by a ReLU activation function. The final layer provides raw class scores. Using
cross-entropy loss, GeoAdaLer and GeoAdaMax algorithms alongside the baseline
optimizers were executed for 150 epochs and for 30 different weights initializations.
Figure 2 and Table 1 illustrate the averaged results on the test dataset. GeoAd-
aler demonstrates comparable initial performance to algorithms such as Adam and
SGD, yet it achieves better long-run performance, converging to a higher validation
accuracy. GeoAdaMax further improved this performance by faster convergence.
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Fig. 2: MNIST

6.2. CIFAR-10 Dataset. In our CIFAR-10 [16] experiments, we run GeoAd-
alLer, GoeAdaMax and the baseline optimizers for 50 epochs on a network consisting
of six convolutional layers with 3x3 kernels and padding, progressively increasing in
sizes of 32,32,64,64,128 and 128 filters. Each convolution is followed by a batch
normalization layer and a ReLU activation. After every two convolutional layers,
max-pooling with a 2 x 2 kernel is applied to reduce spatial dimensions, followed by
dropout layers with rates 0.2,0.3 and 0.4. The output from the convolutional block,
consisting of 128 filters with a 4x4 spatial size, is flattened and passed to two fully
connected layers: the first reduces the feature size to 128 with a ReLLU activation
and a 0.5 dropout, and the second outputs 10 logits corresponding to class scores
which are passed to a softmax function. The model is trained using cross-entropy loss
and re-run 30 times for each optimizer with different initializations of the weights.
The averaged results on test data are shown in Figure 3 and Table 2. GeoAdalLer
shows early run performance comparable to baseline optimizers and occasionally ex-
ceeds them in validation accuracy. Its long run performance was only matched by
Adam and GeoAdaMax. The consistent performance of GeoAdalLer in various runs
reinforces the value of incorporating a geometric perspective into its design.

In the CIFAR-10 [16] experiment, we trained a convolutional neural network
(CNN) model designed specifically for image data with RGB channels. The archi-
tecture consists of six convolutional layers, progressively increasing in feature map
depth (32, 64, and 128 channels), followed by max-pooling and dropout layers to re-
duce overfitting and improve generalization. Each convolutional layer is followed by
batch normalization to stabilize learning and expedite convergence [13]. Finally, two
fully connected (linear) layers map the feature space to the 10 CIFAR-10 class scores,
following common practices for classification in CNN architectures [17].

We train the model using cross-entropy loss for multi-class classification [9], and
all adaptive gradient descent algorithms (including GeoAdaLer and GeoAdaMax)
were executed for 100 epochs. To account for random initializations, we average the
losses and accuracies over 30 different initializations. Model results are illustrated
in Figure 3 and Table 2. GeoAdaLer demonstrates initial performance on par with
other adaptive optimizers, such as Adam [14] and SGD [19], but achieved superior
long-term accuracy, converging to higher validation accuracy. GeoAdaMax provided
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further benefits, resulting in faster convergence and smoother training dynamics due
to its stability near the optimal point.

2.0 80
Optimizer
18 —— AMSGrad
1.6 Adam 70+
—-- GeoAdaler

44 W\ e GeoAdaMax > 60
" —— SGD 9
@12 e
o =)
- Y 50 Optimizer

10 < —— AMSGrad

Adam
0.8
401 —-- GeoAdaler
0.6 00000 NI e _ | e GeoAdaMax
\\\\\\\\ | —— SGD
0.4 —_—— 301 |
0 10 20 30 40 50 0 10 20 30 40 50
Epochs Epochs
(a) Training loss (b) Validation Accuracy

Fig. 3: CIFAR 10 Dataset

Table 1: MNIST Final Accuracy Table 3: Fashion MNIST Final Accuracy
Optimizer Accuracy Optimizer Accuracy
GeoAdaLer  0.9831 GeoAdalLer  0.9044
GeoAdaMax 0.9831 GeoAdaMax  0.9042
Adam 0.9746 Adam 0.8838
AMSGrad 0.9809 AMSGrad 0.8993
SGD 0.9810 SGD 0.8969

Table 2: CIFAR Final Accuracy

Optimizer Accuracy

GeoAdalLer 0.7982
GeoAdaMax 0.7962

Adam 0.7679
AMSGrad 0.7932
SGD 0.7957

6.3. Fashion MNIST. In the Fashion MNIST [36] experiment we train a fully
connected feed forward neural networks. It consists of three fully connected layers:
the first layer takes in 784 input features (flattened 28 x 28 grayscale images) and
outputs 512 features, the second layer reduces these to 256 features, and the final layer
outputs 10 logits corresponding to class scores. Each of the first two layers is followed
by a ReLU activation function. The final layer provides raw class scores. Using
cross-entropy loss, GeoAdaLer and GeoAdaMax algorithms alongside the baseline
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optimizers were executed for 100 epochs and for 30 different weights initializations.
Figure 4 and Table 3 illustrate the averaged results on the test dataset. GeoAdalLer
once again shows comparable results to that demonstrated by the other benchmark
algorithms with GeoAdaMax showing further improvement and faster convergence on
the Fashion MNIST dataset.

06 Optimizer 0.90- i
— AMSGrad S
0.5 Adam 0891
— - GeoAdaler 0.88 1
oad W e GeoAdaMax >
= —— SGD § 0.874
3 0.3 8 0.86 1 Optimizer

< 0851 —— AMSGrad

02 ! Adam
0.84 —-- GeoAdaler

0171 N T T e e GeoAdaMax
0.831 —— SGD

0.0
0.824

4 20 40 60 80 100 0 20 40 60 80 100
Epochs Epochs
(a) Training loss (b) Validation Accuracy

Fig. 4: Fashion MNIST Dataset

6.4. Alternative Normal Plane Vectors. By introducing a hyper-parameter
€ in the update rule, we can explore different vectors within the normal plane:

Ti41 = Tt — Amt.
Vlmal? + e

This approach allows us to select vectors with varying angles relative to the horizontal
plane. This investigation stems from observing how GeoAdaMax modifies the effective
angles by maximizing the denominator of the update.

In this experiment, we compared GeoAdaLer and GeoAdaMax on the MNIST (5)
and CIFAR-10 (6) datasets using 30 different weight initializations for selected values
of ¢, all other parameters were as mentioned above in their individual experiments.
The mean accuracies for each e value are plotted versus the value of €. The results
indicate that while the normal vector may not always be the most optimal choice, the
optimal e value tends to be close to the default associated with the normal vector.
although some improvement do exist through the use of larger values of epsilon it is
dependent on the data and not constant through all the experiments.

7. Conclusion. In this paper, we investigate the adaptive stochastic gradient
descent algorithm and propose a geometric approach where the normal vector to the
tangent hyperplane plays a crucial role in providing curvature-like information. We
call this approach GeoAdaLer, and we show that it is derived from a fundamen-
tal understanding of optimization geometry. We present theoretical proof for both
deterministic and stochastic settings. Empirically, we find that GeoAdalLer is com-
petitively comparable with other optimization techniques. Under certain conditions,
it offers better performance and stability. GeoAdaLer provides a general geometric
framework applicable to most, if not all, large-scale adaptive gradient-based optimiza-
tion methods. We believe that this presents a significant step towards the development
of interpretable machine learning algorithms through the lens of optimization.
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Fig. 5: MNIST Dataset
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Fig. 6: CIFAR 10 Dataset

8. Data and Code Availability. Our codebase and the associated datasets
used in our experiments are available in an open-source repository on GitHub:
https://github.com/Masuzyo/Geoadaler.
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Appendix A. Deterministic Convergence Proof.

DEFINITION A.1. Let G : R™ — R"™ and let § > 0. The operator G is said to be
(-cocoercive if

(A.1) (G(x) = Gly), x —y) 2 BIIG(z) = G(y)|*  for all z,y € R™
Equivalently, for L:=1/8 >0, G is (1/L)-cocoercive if
(A2)  16@) - GWI? < (G() - Gly) w—y) for allz,y € ",

When G = Vf for a differentiable function f : R™ — R, we say that f has (-
cocoercive gradient if V f is §-cocoercive in the sense of (A.1).

LEMMA A.2. Suppose V f is Lipschitz continuous with parameter L, domain of f
is R™ and f has a minimum at x*. Then

1 2 *
S IVIGIT < f(z) = 7).

Proof. The proof relies on the following quadratic upper bound property
L
(A3)  f() < S()+ (V=)= )+ Sly— 2P forally,z € dom(y)

where dom(f) is a convex set. Taking infimum on both sides of A.3 gives
o . L
) =t 7)< inf (1) + (V7)o =21+ Gl oI

— inf inf <f<z>+t<Vf(Z>’”>+Lt2)

loll=1 ¢ 2
. 1
= it (16) - VI
(A4) = 1)~ g IV )P,
Rearranging gives the claim. 0

LEMMA A.3 (Cocoercivity). Assume f is convez, proper and lower semicontin-

Y
VIVP+1

uwous. Let Vf be Lipschitz and let Lg be the Lipschitz constant for

Then the following cocoercivity property holds:

1 Vf(x) _ Vf(y) ?
LollVIVF@P+1  INFWIP +1
Vf(x) Vi (y)
< - T —
_<\/|Vf(x)|2+1 VIVTWE+1 y>
Proof. For any x and y, let
fole) = Fl) - R 2
’ VIVI@P+1
VW
W) =0 - ST
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_ /7 Vf(u)

o VIVF@W)[*+1
tion for the vector field integrand. Notice that F' is well defined since the integrand
is a conservative vector field. Also, F(z) is convex since the integrand is a maxi-
mal monotone operator resulting from a convex, proper and lower semi-continuous
function, f [22, 4, 26].

Thus, f, and f, are well defined and convex since the difference of a convex
function and a linear function is convex. f, is minimized at z = x, thus evaluating
fz at y and x and subtracting the results gives

R S i C) B
F) - Fo)— el v -2)
= fa(y) — fz(z)

for some constant a where F'(z) : du is a scalar potential func-

(4.5) > IV A w)?
(A.6) _ 1 Viw __ Viw ]
2Ll VIVIGIP+1  VIVI@)]P+1
Similarly, z = y minimizes f, and
Vi) >
F(zx)—F(y) — ( ———tee—— o —
=)~ e
= fy(@) = £4(v)
> IV A @I
(A7) 1 Vi) Vi@ |
2Ll VIV +1 VIV@)]P+1
Adding A.6 and A.7 yields the result. |

LEMMA A.4 (Existence of Fix(T)). Let f : R™ — R be proper, lower semicon-
tinuous and convex. If f is coercive, i.e.,

lz]| = oo implies f(x) — oo,
then f attains a minimizer x* € argmin f(x) and argmin f # 0. If in addition [ is
x x
differentiable, then
argmin f = {& € R" : Vf(x) = 0}.
Consequently, for the operator T defined in (5.2),
Fix(T) = arg min f # ().
x

Proof. Existence of a minimizer for proper, lower semicontinuous, coercive convex
functions on R™ is standard; see, e.g., [1, 26]. For differentiable convex f, first-order
optimality gives Vf(z) = 0if and only if € argmin f (see, e.g., [1, Proposition 17.6]).

x
Finally, since
V()
k)
VIVI@)[?+1

we have T'(z) = z if and only if Vf(x) = 0, hence Fix(T') = argmin f. ad

T(x)=x—~
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THEOREM A.5 (Deterministic convergence). Let f : R®™ — R be conver and
continuously differentiable. Assume in addition that f is proper and lower semicon-
tinuous, and that f is coercive. Let

Vf(x)
IVf()]]*+1
where 1 is the identity map and Lg > 0 denotes the Lipschitz constant for g. Then
[ attains a minimizer z* € argmin f, and Fix(T) = argmin, f # 0. If 0 < v < %,
then T is nonexpansive,

g(x) = T(x) = (I—-~v9)(x),

|2~ Tyl < |lx—yll for all 2,y € R™.

Moreover, for the fized-point iteration x4 = T(xy), the sequence {xy} converges to
a point x* € Fix(T) = argmin f.
x

Proof. First, we compute as follows

Tz — Ty||? = HJ;_W_y Vi)
V@ +1 NI

2

- H(m —y) =7 ( o o ) |
VIVI@P+1 VIVIGIP +1
, Vf(x) Vi)
= ||z — —2y(z—uy, -
o=l 7< b T @E T \/IIVf(y)|2+1>
, Vf(x) B V) ’
¢||fo P+ VIViG HQ“
. Vi)
A8 - " Io
(A.8) < e —=yl”+ 7 H\/” ||2+1 VNI +1
Vi)
A9 v=ylP =1 -
(A.9) = llz =yl 7 H\/” ||2+1 VNI +1

Inequality (A.8) follows from cocoercivity (Lemma A.3). If 0 < v < 2/L¢, then (A.9)
implies

1Tz = Ty||* < [l —ylI*,
hence T is nonexpansive.
By Lemma A.4, f attains a minimizer * € arg min,, f. Hence, Fix(T) = arg min,, f #
. Choose z* € Fix(T) and take y = x* in (A.9). Since T(z*) = z*, we have
Vf(x*) =0 and thus

2 Vf(zk)
(A10) o — 217 < o -2 = 25 <)
Lo IVF(@e)l* +1
Thus {||xx — 2*||} is nonincreasing and {z} is bounded.
Summing (A.10) from k£ =0 to N yields
N
2 v.f Tk *
(&-7)% @)1 < g — a2
G o || VIV (e)]? +1
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=)
i V()
k=0 ||Vf($k)||2 +1
In particular,
va H2 vanishes iff ||V f(x)| =
Since ||zg+1 — xk|| = I\vajz(mk)l\%rl it follows that ||zx+1 — k|| — 0 as k — oo.
Tk

By boundedness of {z}, the Bolzano-Weierstrass theorem implies existence of a con-
vergent subsequence, namely there exist {k;} and Z € R™ such that x}, — = [1, 7].
By continuity of Vf and V f(xy,) — 0, we obtain V f(Z) = 0, hence = € Fix(T).

Finally, (A.10) implies that for this Z the sequence |z — Z||? is nonincreasing and
has a subsequence converging to 0. Hence ||z —Z||> — 0. Therefore ), — # € Fix(T).

A best-iterate residual rate follows directly from the telescoping bound. For any
N >0,
lzo — 2*|”

v(2/Le =N +1)

Vf(zx)
IV f(e)]? +1

0<k<N

Appendix B. Stochastic Convergence Proof.

B.1. Important Lemmas and Definitions. In this section, we provide proof
of convergence of our algorithm. To this end, we start with some definitions and
lemmas necessary for the main theorem.

DEeFINITION B.1. A differentiable function f : R™ — R is convezx if for all z,y €
R,

(B.1) fly) = flz) + V(@) (y - ).
For the rest of the paper, we make the following assumptions on the stochastic objec-
tive function f; : R™ — R where the iteration counter ¢t > 1.

ASSUMPTIONS B.2. 1. fi is convex for all t.
2. For all t, f; is differentiable.
3. For all t, there exists G > 0 such that |V fi(z)|| < G for allz € X C R"
where X is the feasible set.
4. A= {x1,x9, -}, the iterates generated by GeoAdaLer algorithm.

5. o* = argmingex 23:1 fi(z) exists and ||xy, — z*|| < D for all x), € A.
6. B == BA"L where X\ € (0,1),8 € [0,1).

Again, for notational convenience, we take g; = V fi(x¢).

LEMMA B.3. Under Assumptions B.2, no. 3, the exponential moving average
(B.2) me = Brme—1 + (1= Bi)ge

is bounded for all t.
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621 Proof. Tteratively expanding out m;, we obtain
t
622 me=(1-8)> B g
i=1

623 Taking the Euclidean norm on both sides and using the boundedness of g; gives

t
624 Imell = 11(1 =80 > B il
i=1
t .
625 <=8 8 il
i=1
t .
626 <(1-B)GY B!
=1
627 =G(1-pH<a
628 a
629 LEMMA B.4. Under Assumptions B.2, no. 6, the following inequalities hold
630 1. B < L
1-8 —1-p
631 2 L < L
oh . -
1-8 —1-p
T
1-AT
632 3. Z b < i )
215 S 0-A0-N
633 for all t.
634 Proof. 1). For all t, A < 1 gives A'"! < 1 so that y7— < 1. Thus

Bi B! . B B

= = < .
=8 1=pA"L Nt~ 1-p
2). By = BAITL < B for all t since A € (0,1),8 € [0,1). So, 1 — 8 <1—BA~1 leads to

635

1 1
S PR
1-p5 ~—1-p
636 as required.
637 3). By Lemma B.4 no. 2, we have
T T T
Bt ﬁt ﬂ t—1 ﬁ(]. — )\T)
638 < = — A =Y. 0
) ;1—@*;1—& 1—6; (1-B)(1-N
639 LEMMA B.5. For allt > 1 and for all T > t, the following inequality holds
610 (B.3) Zl <1+/T1dt
)4 . — > — .
ARV V.

641 Proof trivially follows from the integral test for convergence of series and is also given
642 in [2].
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LEMMA B.6. Under Assumptions B.2, no. 1 and 2, the following inequality holds
for all t

(B.4) R(T) <Y gi- (wp — ).

Proof. By converxity of f; for each t,

fi(@®) = filw) 2 V@) - (27 — ).

It then follows that

fe(@e) = fe(a™) < V() - (2 —2%) = g¢ - (2 — 27).
Hence, summing both sides from ¢ = 1 to T gives the required result. 0

Appendix C. Proof of Theorem 5.2. From the update rule in Algorithm
3.1

my
T4l =Tt =N -
Vma|2 + 1

Subtracting z* from both sides and taking norm squared, we obtain

®(2 _ my 2
@441 — @™[]7 = |2y — %W|
2
= o= = e ) gl
Substituting m; = Bimi—1 + (1 — B¢)gs, we obtain
loesr — 22 = llow — 2| - Hm””“m (0~ a)
— M o lm?

g (@ —2") + v s
Vg2 +1 " llmel|? +1

Rearrange to have g - (z; — x*) on the left hand side:

* VT 2+1 * * *
gt'(‘rt_fE ):2’7|t(1t|—ﬂt) |:H£L't_1' ||2—||{I3t+1—£17 ||2] —%tﬂtmt,l-(xt—x)

i [l ||

T35 P i1

VIme|? +1
(C-1) = 2’Yt(1 —B)
p

+ g melie” =zl +

[ze =21 = llwers — 2*)?]

%IIthQ

21— B)

where inequality C.1 follows from the Cauchy-Schwartz inequality applied to the sec-
2
ond term —my_1 - (x; — %) = my_1 - (x* — x4) and the fact that mall” < for all

Vllmel2+1
t.
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Summing both sides from ¢ = 1 to T" and using Lemma B.3 and Assumptions B.2 no.
3 and 5, we further obtain

T V=0
G2+1 2 2
(xy—a*) < ——— ||xs — z"||* — ||zt — 27
;:1 gt - (¢ )< (= 1) ([l 17 = Izt %]

- G| a Y

t
+DGY - 2 50— 5)

t=1 t=1

G2 +1 * |12 * 12

(C.2) < ;m [lwe — 2*)]* = w41 — 2%|?]

DGB(1 - AT) G2 &
sy PIRL

where the last inequality follows from Assumptions B.2 no. 3 and Lemma B.4 no. 2
and 3.
By expanding the first term and and rewriting the what is left in compact form, we
obtain

d 1
2 (1= By) [lze = 2|12 = [l — 2*)?]
t=1

e P - e [lrp — 27
7(1—=p51) yr(1 = Br)

Y e [
A\l =B8) -1l —=Bi-1)

*“2

|lz1 —x

~ (1= p)

- 1 *12
+Z<% =5 %1<1—6“)>”“‘” I

where the last inequality follows from dropping the second term. By the Assumptions
B.2 no. 5, it further simplifies to

a 1
> ——— [z — 2" |* = [lwesr — 2"
— (1 - P [ ]

D2 o 1 1
< _
T (-5 P ; (%(1 =B m—a(l— /Bt—l))
D? D? D?
T WA-B)  m@-B) (- Br)
D2
Cyr(1—=Br)
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From Lemma B.4 we have.

T

D P
— (1 —B) vr(l = B)
683 Therefore equation C.2 become:
T T
D?VG?2+1 DGB(1— A7) G?
681 (C.3 Az — ™) < + + .
(©3 Do lo—e) s Tyt T pan Taa g

685  Assuming v = % we further obtain:

- o VTD*/GZ+1 DGB(1— A7) a2 I
686 (C.4) tzzlgt.(xt—x)é 0= 5r) +(1_5)(1—)\)+2(1—5)t=21 t
o VIDVGZ+1 | DGR -\T)  G*(2T -1
- (1-6r) 1-B)1—-x " 201-8)

Equation C.5 follows from Lemma B.5 and so our regret is bounded above by:

VTD*/G2+1  DGB(1-\T)  G*2T -1)

687 (C.5)

R(T) < + +
D=5y Ta-aa- T 209
688 Appendix D. Datasets . MNIST: The MNIST database of handwritten digits.
689 Licensed under the Creative Commons Attribution 4.0 License[20].
690 CIFAR-10: The CIFAR-10 dataset consists of 60000 32x32 colour images in 10

691 classes, with 6000 images per class. There are 50000 training images and 10000 test
692 images. Licensed under the Creative Commons Attribution 4.0 License [15].

693 Fashion MINIST: The Fashion MNIST database of fashion images. Licensed
694 under The MIT License (MIT).[36]
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